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Individual low-energy E1 toroidal and compressional states (TS and CS) produced by the con-
vective nuclear current jc were recently predicted for
24Mg in the framework of quasiparticle
random-phase-approximation (QRPA) with Skyrme forces. In the present QRPA study with
Skyrme parametrization SLy6, we explore in more detail properties of these states (toroidal
and compressional responses, current distributions, and transitions probabilities B(E1K, 0+0 →
1−K), B(E3K, 0+0 → 3−K), B(M2K, 0+0 → 2−K) with K =0 and 1) and analyze the possibil-
ity to discriminate and identify TS in inelastic electron scattering to back angles. The interplay
of the convective jc and magnetization jm nuclear currents is thoroughly scrutinized. A two-step
scheme for identification of TS in (e, e′) reaction is proposed. The key element of the scheme is the
strong interference of the orbital and spin contributions, resulting in specific features of E1 and M2
transversal form factors.
PACS numbers: 21.60.Jz, 27.30.+t, 13.40.-f, 25.30.Dh, 21.10.-k
I. INTRODUCTION
In our recent publications, individual low-energy E1
toroidal and compressional states (TS and CS) in de-
formed nuclei 24Mg [1] and 20Ne [2] were predicted within
the quasiparticle random-phase-approximation (QRPA)
method with Skyrme forces. In 24Mg, the TS is predicted
to appear as the lowest (E=7.92 MeV) dipole state with
K=1 (where K is the projection of the total angular mo-
mentum to the symmetry z-axis). Comparable individual
low-energy dipole TS were found for 10Be [3, 4], 12C [5],
and 16O [6] using the combined antisymmetrized molecu-
lar dynamics and generator coordinate method [7]. These
predictions open a new promising path for the explo-
ration of vortical toroidal excitations. Previously, the nu-
clear toroidal mode was mainly studied as E1 isoscalar
(T=0) toroidal giant resonance (TGR), see e.g. [8–20]
and references therein. However the experimental ob-
servation and identification of the TGR is hampered by
serious troubles. The resonance is usually masked by
other multipole modes (including dipole excitations of
non-toroidal nature) located in the same energy region.
As a result, even the most relevant (α, α′) experimental
data [21, 22] still do not provide the direct evidence for
E1 TGR, see the discussion in Ref. [20]. In this con-
nection, individual low-energy E1 TS in light nuclei have
obvious advantages in exploration of the toroidal mode.
They are well separated from the neighbor dipole states
and so can be easier discriminated and identified in ex-
periment than the TGR.
In this paper, we present a thorough exploration of
∗Electronic address: nester@theor.jinr.ru
various features of TS and CS in 24Mg. In addition to
TS at 7.92 MeV, the toroidal E1(K=1) excitation at 9.97
MeV is analyzed. The special attention is paid to the
impact of the magnetization nuclear current jm which,
being vortical, can affect the results for customary TS
produced by the convective current jc. It is found that
jm can cause E1(K=0) TS of predominant magnetization
origin. We also show that, similar to recording of the
vortical scissors [23] and twist [24] modes by strong or-
bital M1 and M2 transitions, the vortical TS in deformed
nuclei can be also signified by enhanced M2 transitions
0+0 → 2−K between the ground state and IπK = 2−1
rotational state based on the TS with IπK = 1−1.
It is known that there is a general, yet unresolved,
problem how to search and identify vortical nuclear states
in experiment. In this connection, we propose a two-step
scheme which could be useful in solution of this problem.
We apply this scheme to the search for the convective TS
in (e, e′) scattering to backward angles. Since E1 toroidal
form factor is transversal [9, 10], this reaction looks most
suitable.
At the first step of the scheme, the appropriate candi-
dates for TS have to be chosen from, e.g., QRPA calcu-
lations. These are states with a significant toroidal E1
strength, clear toroidal distribution of the nuclear cur-
rent, and enhanced B(M2) value. At the second step,
the calculated transversal E1 and M2 form factors for
these states are compared with experimental (e, e′) data.
Our analysis shows that strong interference of the orbital
and spin contributions leads to specific features of E1
and M2 transversal form factors. As a result, these form
factors become very sensitive probes for the spin/orbital
interplay. So, if (e, e′) data cannot be described by the
spin contribution alone but are well reproduced by spin
+ orbital contributions, we may conclude that the or-
2bital fraction is essential and correctly produced by the
calculations. Then we are confident that the structure
of chosen state is valid and its TS character and toroidal
distribution of the nuclear current may be considered as
established.
The paper is organized as follows. In Sec. II, the cal-
culation scheme is outlined. In Sec. III, the numerical
results are presented. The responses, current fields, elec-
tromagnetic transitions, and E1 and M2 transversal form
factors are discussed in detail. In Sec. IV, the conclusions
are drawn.
II. CALCULATION SCHEME
The calculations for 24Mg are performed within the
self-consistent QRPA based on the Skyrme functional
[25]. As in our earlier studies [1, 2], we use the Skyrme
parametrization SLy6 [26]. The QRPA code for axial
nuclei [27] exploits a 2D mesh in cylindrical coordinates.
The single-particle basis includes all the states from the
bottom of the potential well up to +55 MeV. The ax-
ial equilibrium deformation is β=0.536 as obtained by
minimization of the energy of the system. The volume
pairing modeled by contact interaction is treated at the
BCS level [20]. The QRPA uses a large two-quasiparticle
(2qp) basis with the energies up to ∼ 100 MeV. The basis
includes ≈ 1900 (K = 0) and ≈ 3600 (K=1) states. This
basis guarantees that the Thomas-Reiche-Kuhn sum rule
[28, 29] and isoscalar dipole energy-weighted sum rule [30]
are exhausted by 100% and 97%, respectively.
The toroidal and compressional modes are coupled [14–
16] and comparison of these vortical and irrotational pat-
terns of the nuclear flow is always instructive [16]. So
we inspect both vortical TS and irrotational CS. The
toroidal and compressional responses are quantified in
terms of reduced transition probabilities
Bν(E1K,α) = (2 − δK,0)| 〈ν| Mˆα( E1K) |0〉 |2 (1)
where |0〉 and |ν〉 mark the QRPA ground state and ex-
cited ν-th dipole state. Matrix elements for the toroidal
(α=tor) and compressional (α=com) transition operators
are [1, 16, 17]
〈ν|Mˆtor(E1K)|0〉 (2)
=
−1
10
√
2c
∫
d3rr[r2 + ds + daK ]Y11K · (∇×δjν(r)) ,
〈ν|Mˆcom(E1K)|0〉 (3)
=
−i
10c
∫
d3rr[r2 + ds − 2daK ]Y1K(∇ · δjν(r)),
where Y11K(rˆ) and Y1K(rˆ) are vector and ordinary
spherical harmonics; δjν(r) = 〈ν |ˆj|0〉(r) is the current
transition density (CTD); ds = −5/3〈r2〉0 is the center-
of-mass correction (c.m.c.) in spherical nuclei [16, 31, 32];
daK =
√
4pi/45〈r2Y20〉0(3δK,0−1) is the additional c.m.c.
arising in axial deformed nuclei [32, 33]. The average val-
ues in c.m.c. are 〈f〉0 =
∫
d3rf ρ0/A where ρ0 is the g.s.
density. As was checked, these c.m.c. accurately remove
spurious center-of-mass admixtures in 24Mg.
The operator of the nuclear current
jˆ(r) = jˆb(r) + jˆcdt(r) (4)
includes the bare current jˆb [34] and the correction
jˆcdt [35] taking into account the effect of the current-
dependent terms in the Skyrme functional. The cor-
rection is necessary to recover the continuity equation
in Skyrme-QRPA calculations of the responses and form
factors. The effect of jˆcdt is negligible in T=0 responses
but can be noticeable in T=1 and mixed cases [35].
The bare current consists of the convective and mag-
netization (spin) parts,
jˆb(r) = jˆc(r) + jˆm(r) =
e~
m
∑
q=n,p
(ˆjqc(r) + jˆ
q
m(r)) , (5)
where
jˆqc(r) = −i
eqeff
2
∑
kǫq
(δ(r− rk)∇k +∇kδ(r− rk)), (6)
jˆqm(r) =
g¯qs
2
∑
kǫq
(∇k × sˆqk)δ(r− rk). (7)
Here sˆqk is the spin operator, e
q
eff are effective charges,
g¯qs are spin g-factors, k numerates the nucleons. In the
present calculations, we use the isoscalar (en,peff = 0.5,
g¯n,ps = (g
n
s + g
p
s )η/2 = 0.88η) and proton (e
p
eff = 1, e
n
eff =
0, g¯n,ps = ηg
n,p
s ) nuclear currents, where g
p
s = 5.58 and
gns = −3.82 are bare g-factors and η =0.7 is the quenching
[30]. The isoscalar current is relevant for the comparison
of the responses with data from isoscalar reactions like
(α, α′). The proton current is relevant for (e, e′) reaction.
The toroidal matrix element (2) with (∇×δjν(r)) and
compressional matrix element (3) with (∇ · δjν(r)) are
determined by the vortical and irrotational nuclear flow,
respectively. The proton and neutron CTD from the con-
vective and magnetization parts of the nuclear current
are δjqc = 〈ν |ˆjqc|0〉 and δjqm = 〈ν |ˆjqm|0〉.
For magnetic quadrupole transitions 0+0→ 2−K, the
reduced transition probability is
Bν(M2K) = (2− δK,0)| 〈ν| Mˆ(M2K) |0〉 |2 (8)
with the transition operator
Mˆ(M2K) = µN
∑
q=n,p
∑
kǫq
[gqs sˆqk +
2
3
gql lˆqk] · ∇k[r2Y2K ]k
(9)
where lˆqk is the operator of the orbital moment, the or-
bital g-factors are gql=1 for protons and 0 for neutrons.
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FIG. 1: Toroidal (upper panels) and compressional (bottom panels) B(E1K,α)-strengths in 24Mg, calculated with T=0 nuclear
current. Calculations with (filled triangles) and without (empty reverse triangles) jm are compared.
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FIG. 2: QRPA proton (left) and neutron (right) fields of the
convective δjqc (upper plots) and magnetic δj
q
m (bottom plots)
currents in the toroidal 7.92-MeV Kpi = 1− state. In (c)-(d),
the bare g-factors with the quenching are used.
III. RESULTS AND DISCUSSION
A. Toroidal and compression responses, current
fields
In Figure 1, the low-energy toroidal and compressional
transition strengths (1) in 24Mg are shown. They are cal-
culated with T=0 nuclear current relevant for isoscalar
(α, α′) reaction. The cases with and without jm, are com-
pared. Plot (a) shows that only the K=1 state at 7.92
MeV exhibits the large toroidal response. The toroidal
nature of this state is additionally confirmed by the pro-
ton and neutron fields of the convective current, shown
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FIG. 3: As Fig. 2 but for the 9.56-MeV Kpi = 0− state.
in the plots (a)-(b) of Fig. 2. Just this 7.92-MeV state
was proposed in [1] as the individual low-energy TS. Due
to the large axial quadrupole deformation in 24Mg, the
vortical flow of this state is transformed from the famil-
iar toroidal vortical ring into the vortex-antivortex dipole
[1]. The 7.92-MeV state is not fully vortical since, follow-
ing Fig. 1 (b), it has a small compressional irrotational
response. Even being small, the irrotational fraction can
serve as a doorway for excitation of TS in various reac-
tions. If a reaction cannot generate vortical excitations
directly, this can be done indirectly through the irrota-
tional fraction.
The plots Fig. 1 (c)-(d) show that the compressional
strength exceeds the toroidal one for the K=0 state at
9.56 MeV. The convective current δjqc in this state (see
Fig. 3 (a)-(b)) resembles the octupole flow for the 3−
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FIG. 4: As Fig. 1 but for the proton nuclear current, see text for more detail.
state in 208Pb [36]. This is not surprising since there is
a strong coupling between dipole and octupole modes in
nuclei with a large quadrupole deformation, like 24Mg.
This coupling should be especially strong in irrotational
states like 9.56-MeV one.
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FIG. 5: As Fig. 2 but for 9.79-MeV Kpi = 1− state.
We now look at the impact of jm. As seen from Fig. 1
(plots (b) and (d)), the compressional strengths with and
without jm are almost the same. This is expected since
vortical magnetization current should not affect the irro-
tational compressional flow. At the same time, plots (a)
and (c) of Fig. 1 show that inclusion of jm significantly
changes the toroidal strengths: it is increased by ∼ 30%
in the K=1 7.92-MeV state and decreased to almost half
in the K=0 9.56-MeV state. Thus the impact of jm on
the toroidal strength is rather strong.
The proton and neutron magnetization current fields
δjqm for 7.92-MeV state shown in Fig. 2 (c)-(d) are not
toroidal. At the same time, these fields in the K=0 9.56-
TABLE I: Main two-quasiparticle (2qp) components ii′ (de-
noted by Nilsson asymptotic quantum numbers NnzΛ) in
some low-energy dipole ν-states in 24Mg. For each compo-
nent, the forward amplitude Xνii′ and contribution N
ν
ii′ to the
state norm are listed.
E [MeV] K main 2qp components Xνii′ N
ν
ii′
7.92 1 pp[211↑-330↑] 0.73 0.54
nn[211↑-330↑] 0.62 0.39
9.56 0 pp[211↓-101↓] 0.62 0.39
nn[211↓-101↓] 0.56 0.31
9.79 1 nn[211↑-330↑] -0.74 0.55
pp[211↑-330↑] 0.65 0.43
9.93 0 pp[321↑-211↑] -0.658 0.34
nn[321↑-211↑] -0.50 0.25
MeV state, shown in in Fig. 3 (c)-(d), look like toroidal.
Thus jm, similar to jc, can cause a toroidal flow, which
proves that magnetization vortical TS can exist.
Further, Fig. 4 exhibits the toroidal and compressional
strengths for the effective charges (epeff = 1, e
n
eff = 0,
g¯ps = ηg
p
s , g¯
n
s = ηg
n
s ) relevant for (e, e
′) reaction. In this
case, the convective toroidal strength is determined only
by the proton contribution. Fig. 4 (a) shows that the
convective toroidal strength in 7.92-MeV state is similar
to that in T=0 case and comparable with the strength for
the 9.79-MeV state which, following Fig. 5 (a)-(b), is also
toroidal. Fig. 4 (a) also shows that, if jm is added, then
the toroidal response in 9.79-MeV state is significantly
enhanced and becomes dominant. The compressional re-
sponses are almost not affected by jm.
For a better understanding of these results, we provide
in Table I more details on the structure of dipole states
discussed above. Besides, the structure of K=0 state at
9.93 MeV is added since this state has a large B(M2)
value to be discussed in the next subsection. Table I
shows that K=1 states at 7.92 and 9.79 MeV are dom-
inated by two (proton and neutron) 2qp components of
almost the same weight. The toroidal response depends
on the relative sign of Xνii′ in nn- and pp-components.
In the 7.92-MeV state, the proton and neutron Xνii′ have
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FIG. 6: B(M2K, 0+0gs → 2
−K), B(E1K, 0+0gs → 1
−K), and B(E3K, 0+0gs → 3
−K) values for K=1 (left) and K=0 (right)
in 24Mg. In the plots (a) and (d), the total (filled triangles) and orbital (empty reverse triangles) B(M2K) values are shown.
the same sign. As a result, proton and neutron toroidal
flows in Fig. 2 are in phase and we get for this state a
large T=0 toroidal strength, see Fig. 1 (a). Instead, in
the 9.79-MeV state, the proton and neutron amplitudes
Xνii′ have opposite signs. This makes the proton and neu-
tron toroidal flows in Fig. 5 (a)-(b) also opposite. The
obtained destructive interference leads to the suppression
of T=0 toroidal strength in this state. Further, the differ-
ent signs of the proton and neutron Xνii′ in the 9.79-MeV
state result in a significant enhancement of the magneti-
zation current (due to the constructive cooperation of the
proton and neutron g-factors). For this reason, inclusion
of jm leads a large increase of the total toroidal vortical
strength in this state, see Fig. 4 (a). Furthermore, since
absolute values of the proton Xνii′ in 7.92-MeV and 9.79-
MeV states are similar, the convective toroidal responses
for these states, shown in Fig. 4 (a), are also comparable.
Note that the dominant 2qp components in Table I do
not have spin-flip and so favor the orbital vortical flow.
Altogether, the above analysis confirms the previous con-
clusions [1, 36, 37] that toroidal flow in nuclei is mainly
determined by the interplay of major 2qp components.
B. Electromagnetic transitions
For our aims, it is instructive to consider electro-
magnetic transitions from the ground state to the
rotational bands built on the toroidal and com-
pressional band heads. Below we inspect electric
dipole B(E1K, 0+0gs → 1−K), electric octupole
B(E3K, 0+0gs → 3−K), and magnetic quadrupole
B(M2K, 0+0gs → 2−K) reduced transition probabili-
ties with K = 0, 1.
As mentioned in the Introduction, the B(M2K) value
can be used as an additional fingerprint of vortical
toroidal states. Indeed, the vortical scissors [23] and twist
[24] modes are characterized by enhanced orbital M1 and
TABLE II: The calculated reduced transition probabili-
ties B(M2K, 0+0gs → 2
−K), B(E1K, 0+0gs → 1
−K), and
B(E3K, 0+0gs → 3
−K) for low-energy ν-states considered
in Table I. For B(M2K), the total, spin, and orbital val-
ues are given. The Weisskopf units [34] for 24Mg are
used: B(M2)W.u = 13.74 µ
2
N fm
2, B(E1)W.u = 0.537 e
2fm2,
B(E3)W.u = 34.23 e
2fm6.
E K B(M2)tot B(M2)spin B(M2)orb B(E1) B(E3)
MeV W.u. W.u W.u. W.u. W.u.
7.92 1 0.70 0.01 0.52 3.2 ·10−4 12
9.56 0 - - - 2.4 ·10−5 19
9.79 1 2.34 0.49 0.62 4.2 ·10−3 1.7
9.93 0 0.93 0.01 0.75 - -
M2 transitions, respectively. Further, the experimental
techniques to extract M1 and M2 transition strengths in
various reactions are now available, see e.g. determina-
tion of M2 strength from (e, e′) reaction [38]. Last but
not least, the identification of mixed states by weak E2
and large orbital M1 transitions [39] shows that compari-
son of electric and magnetic transitions is a useful identi-
fication tool. Then it is worth to employ electromagnetic
transitions for characterization of TS.
The reduced transition probabilities B(M2K),
B(E1K), and B(E3K) in 24Mg are shown in Fig. 6.
In panels (a) and (d), the total and orbital (gqs = 0)
B(M2K) strengths are compared. It is easy to see
that there is a remarkable correspondence between
total/orbital B(M21) in Fig. 6 (a) and total/orbital
toroidal B(E11) in Fig. 4 (a). This proves that 2−1
states based on the toroidal K=1 band heads exhibit
large orbital B(M21), i.e. there is a clear correlation
between toroidal E11 and orbital M21 strengths. So, for
low-energy dipole states, an enhanced orbital B(M21)
values can be used as an indicator for the toroidal mode.
Further, Table II shows that, in 7.92-MeV and 9.79-
6MeV states, orbital B(M21) strengths reach 0.52 and
0.62W.u., i.e. are rather large. In both states, the orbital
strength dominates over the spin one, especially in 7.92-
MeV state. Instead, the E11 strength in these states is ∼
10−3−10−4 W.u., i.e. very weak. This situation is similar
to that for mixed-symmetry states with its enhanced M1
and weaken E2 transitions [39] (with the difference that
mixed-symmetry states are mainly isovector while the
low-energy toroidal states are basically isoscalar).
It is also interesting that the lowest toroidal 7.92-MeV
state demonstrates a strong collective 0+0 → 3−1 tran-
sition with B(E31) = 12 W.u.. This means that, though
7.92-MeV state is mainly vortical, it also has some irro-
tational octupole component. Appearance of this com-
ponent is explained by the large axial quadrupole de-
formation in 24Mg, which leads to the strong mixing
of the dipole and octupole modes. In the 7.92-MeV
state, the octupole irrotational fraction seems to dom-
inate over the dipole irrotational one. Note also that
2qp configurations 211 ↑ −330 ↑ dominating in 7.92-
MeV and 9.79-MeV states (see Table I) fulfill the asymp-
totic selection rules for E31 and M21 transitions [40, 41]
(E31: ∆N = ±1,±3, ∆nz = 0,±2, ∆Λ = 1; M21:
∆N = ±1,±3, ∆nz = 0,±1,±2, ∆Λ = 0, 1), and not for
E11 (∆N = ±1, ∆nz = ±0, ∆Λ = 0). This favors E31
and M21 transitions but hinders E11 ones. In 9.79-MeV
state, B(E31) is small because of the mutual compensa-
tion of proton and neutron contributions. In 7.92-MeV
state, the hindered B(E11) = 10−3−10−4 W.u. is never-
theless essentially larger than the experimental value 3.3
10−6 W.u. [42]. So perhaps the irrotational dipole com-
ponent in this state is weaker than in our calculations.
The left part of Fig. 4 shows transition probabilities
for K=0 states. The 9.56-MeV state has hindered E10
and enhanced E30 strengths (see also Table II). In this
state, the signature γ coincides with the parity (γ = pi
= - 1), its rotational band is Iπ = 1−, 3−, ..., and so the
magnetic decay to the ground state is absent. Instead
we have a noticeable amount of B(M20, 0+0gs → 2−0)
strength (together with vanishing B(E10) and B(E30))
for the higher state at 9.93 MeV with γ = −pi =+ 1. This
state is not toroidal and so out of our interest. At the
same time, this example shows that non-toroidal states
can also have significant B(M2). Thus, a large B(M2)
may be used for discrimination of the toroidal mode only
in low-energy states with K=1.
The experimental data for low-energy spectra in 24Mg
[42] show 1− levels at 7.555 and 8.437 MeV. Both levels
can be reasonable candidates for toroidal excitations [1].
Moreover, the direct decay (most probably M2) from the
first Iπ = 2− state at 8.864 MeV to the ground state
is observed [42]. The decay is weak as compared with
other decay channels of this state. Our QRPA approach
is not enough to describe the complicated decay scheme
in 24Mg. Nevertheless it allows to state that orbital
M21 transitions from low-energy K=1 states can serve
as promising indicators of the toroidal mode in deformed
nuclei.
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7.92 MeV, calculated for the scattering angles θ = 30◦ (left)
and 178◦ (right). In the upper plots (a)-(b), the Coulomb,
transversal and total cross-sections are compared. In the bot-
tom plots (c)-(d), the total cross-sections with and without
jm are shown.
C. (e, e′) reaction
To discriminate TS from other dipole modes, we need
a reaction sensitive to the nuclear interior. The inelastic
electron scattering (e, e′) is just the proper case. In the
Plane Wave Born Approximation (PWBA), the (e, e′)
cross-section for E(M)λ excitations reads [43]
dσ
dΩ
(θ, q, Ei) = 4piσMott(θ, Ei)frec(θ, Ei) (10)
·
[
[FCEλ(q)]
2 +
(
1
2
+ tan2(
θ
2
)
) (
[FTMλ(q)]
2 + [FTEλ(q)]
2
)]
where σMott(θ, Ei) is the Mott cross section for the unit
charge, frec(θ, Ei) is the recoil factor, Ei is the inci-
dent electron energy, θ is the scattering angle. Further,
FCEλ(q), F
T
Eλ(q), and F
T
Mλ(q) are Coulomb and transver-
sal electric and magnetic form factors as a function of the
momentum transfer q. Here, q = (2/(~c)
√
EiEf sin(θ/2)
where Ef = Ei − Eν is the final electron energy and Eν
is the nuclear excitation energy. For the light nucleus
24Mg, the Coulomb distortions should be small and so
PWBA is the relevant approximation. We also can use
frec(θ, Ei)=1. To take roughly into account the Coulomb
distortions, the figures below are plotted as a function of
the effective momentum transfer
qeff = q(1 + 1.5
Zα~c
EiR
) (11)
where Z is the nuclear charge and R = 1.12A1/3 fm.
First of all, let’s consider the (e, e′) cross section for
the toroidal states and inspect the effect of the magne-
tization current jm on them. Since the toroidal mode is
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FIG. 8: Squared electric transversal form factors |F TE1|
2 cal-
culated with the total (black solid line), orbital (red dotted
line) and spin (dash blue line) nuclear current for different
QRPA states: toroidal IpiK = 1−1 at 7.92 MeV (a) and 9.79
MeV (b), compressional 1−0 at 9.56 MeV (c), and GDR 1−1
at 21.7 MeV (d).
transversal [9, 10, 44], it is natural to look for its signa-
ture in the dipole transversal electric form factor FTE1 at
backward scattering angles.
In Fig. 7, the normalized cross-section σ = dσdΩ/σMott
for the 7.92-MeV state in 24Mg is plotted for small θ =
30◦ and large θ = 178◦ scattering angles. Panels (a)-(b)
show that, as expected, the total cross-section is domi-
nated by the Coulomb part at θ = 30◦ and by electric
transversal part at θ = 178◦. Further, panels (c)-(d)
show that inclusion of jm does not almost influence the
cross-section at θ = 30◦ but leads to considerable changes
for qeff > 1 fm
−1 at the backward angle θ = 178◦. The
latter significantly complicates the direct search of TS in
the transversal cross-section at large θ.
We see that the Coulomb cross-section for the toroidal
7.92-MeV state has a distinctive minimum at qeff <
0.2 fm−1. Similar minima were earlier found for low-
energy dipole states in light N=Z spherical doubly magic
nuclei like 16O, see [45] for experiment and [2, 46, 47] for
discussion. Following [47], these states can also exhibit
toroidal flow. Most probably, however, these minima
are caused not by toroidal flow but rather by destruc-
tive competition between the dominant T=0 and minor
T=1 components in these states [46, 47].
Nevertheless the toroidal mode leaves in (e, e′) scatter-
ing some signatures suitable for its discrimination. These
signatures are illustrated in Fig. 8 where the squared
transversal form factors |FTE1|2 for different dipole states
in 24Mg are plotted. Here we consider the toroidal K=1
states at 7.92 and 9.79 MeV, the compressional K=0 state
at 9.56 MeV and the high-energy K=1 state at 21.7 MeV
from the isovector giant dipole resonance (GDR). The
form factors are calculated with the total jc + jm, con-
vective (orbital) jc, and spin jm nuclear currents.
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FIG. 9: Squared magnetic transversal form factors |F TM2|
2
calculated with the total (black solid line), orbital (red dotted
line) and spin (dash blue line) nuclear current for different
QRPA states: toroidal IpiK = 1−1 at 7.92 MeV (a) and 9.79
MeV (b), compressional 1−0 at 9.93 MeV (c), and GDR 1−1
at 21.7 MeV (d).
Fig. 8 shows that total form factors for toroidal 7.92-
MeV and 9.79-MeV states (plots (a)-(b)) are more struc-
tured as they have two diffraction minima at qeff <
3 fm−1) and, in this sense, significantly deviate from the
form factors for other states (plots (c)-(d)). In the or-
bital form factors, the diffraction minima lie essentially
higher than in the spin ones. For toroidal states, just
destructive interference of the orbital and spin contribu-
tions gives diffraction minima in the total |FTE1|2. They
are at qmineff = 1.50, 2.39 fm
−1 in 7.92-MeV state and at
qmineff = 1.20, 2.17 fm
−1 in 9.79-MeV state. Neither or-
bital, nor spin contribution alone can describe the be-
havior of the total |FTE1|2. Therefore this behavior can
be used as a sensitive tool for determination of the or-
bital/spin interplay. One may state that the QRPA ν-th
wave function correctly describes the orbital and spin
contributions only if it reproduces the features of the to-
tal |FTE1|2 at large scattering angles.
Note also that, following panels (a)-(b), the orbital
(toroidal) contribution dominates over the spin one at
qeff < 1.1 fm
−1. The dominance is impressive for 7.92-
MeV state.
Further, Fig. 9 shows the squared magnetic form fac-
tors |FTM2|2 calculated with the total jc + jm, convective
(orbital) jc, and spin jm nuclear currents. In the plots
(a), (b), and (d), excitations IπK = 2−1 related to the
states in Fig. 8 are considered. In the plot (c), we con-
sider the compressional K=0 9.93-MeV state with the
signature γ = −pi = + 1 and non-zero B(M20, 0+0gs →
2−0) value (see Table II). Fig. 9 (a) shows that, in the
toroidal K=1 7.92-MeV state, the orbital contribution
strongly dominates at qeff < 1.6 fm
−1. The same takes
place in Fig. 9 (c) for K=0 9.93-MeV state. In both
cases, the first diffraction minimum is fully determined
8by the orbital form factor. In the toroidal K=1 9.79-
MeV state, the dominance of the orbital part is weaker
but we have the specific second diffraction minimum at
qmineff = 2.12 fm
−1, produced by the destructive inter-
ference of the orbital and spin parts. For both toroidal
7.92-MeV and 9.79-MeV states, the formfactors |FTM2|2
are structured enough to probe the wave functions of
these states and judge on the important (or even domi-
nant) role of the orbital flow.
Altogether one may propose the following two-step
scheme for discrimination of individual vortical toroidal
states in (e, e′) reaction.
1) The calculations (e.g. QRPA) should identify the
relevant candidates for the toroidal dipole states. They
should be low-energy K=1 states with the following prop-
erties: i) large toroidal strength like in Figs. 1 and 4, ii)
typical toroidal picture for the convective current den-
sity, like in Figs. 2 and 5, iii) enhanced B(M2) and weak
B(E1) transition rates for decays to the ground state.
2) The wave functions of the chosen states should re-
produce the main features of the total squared transversal
form factors |FTE1|2 and |FTM2|2 at back scattering angles.
In particular, magnitudes of form factors at diffraction
maxima and positions of diffraction minima should be
described. As shown in our study, the behavior of these
form-factors is very sensitive to the interference of the
spin and orbital contributions. If the experimental (e, e′)
data are not reproduced by the spin contribution alone
but reasonably described by the total spin + orbital con-
tribution, then: i) wave functions of the chosen states
can be assumed as reliable and ii) toroidal distributions
of their convective currents can be considered as realistic.
To check this two-step scheme, the new (e, e′) exper-
iments for 24Mg are desirable. For this aim, the elec-
tron beams with the incident electron energy 40-90 MeV,
available e.g. in Darmstadt facilities [38, 49], could be
used.
Note that a similar prescription was earlier employed
for confirmation of the vortical twist M2 mode in
Darmstadt (e, e′) experiment [38]. Namely, the orbital
M2 contribution to the backward electron scattering
was justified by comparison of the calculated spin and
spin+orbital M2 form factors with experimental data.
The fact that only spin + orbital contribution (but not
spin contribution alone) was sufficient to describe the
experimental data, was claimed as a robust signal of a
strong orbital twist M2 flow.
Note that our QRPA calculations do not take into
account such factors as the nuclear triaxiality and cou-
pling with complex configurations (CCC). By our opin-
ion, these factors should not essentially change our main
results. Indeed, following various calculations [50–54],
24Mg has a weak triaxial softness in the ground state
and more triaxiality in positive-parity excited states. In
the lowest negative-parity dipole states, the triaxiality
is found negligible in K=1 and significant in K=0 excita-
tions [54]. Since we mainly address low-energy K=1 exci-
tations with the dominant large-magnitude axial prolate
deformation, the treatment of 24Mg as an axial prolate
nucleus should be reasonable. Besides, the dipole K=1
states of our interest have a low collectivity and so should
exhibit a minor CCC impact.
IV. CONCLUSIONS
A possibility to search individual E1 toroidal states
(TS) in inelastic electron scattering (e, e′) to back an-
gles was scrutinized within the self-consistent quasipar-
ticle random-phase-approximation (QRPA) model using
the Skyrme force SLy6. As a relevant example, the low-
energy dipole states with K=0 and 1 in axially deformed
24Mg were thoroughly explored. We inspected vorti-
cal toroidal and irrotational compressional E1 responses,
transition rates B(E1, 0+0gs → 1−K), B(E3, 0+0gs →
3−K) and B(M2, 0+0gs → 2−K), distributions of tran-
sition currents, form factors and cross sections for (e, e′)
reaction. The cross sections were calculated in the Plane
Wave Born Approximation. In the relevant cases, the
separate contributions of the convection jc, and magne-
tization jm parts of nuclear current were analyzed.
The analysis of these results led to a two-step scheme
for the search of toroidal K=1 states in (e, e′) scattering.
In the first step, QRPA calculation are used to deter-
mine the promising candidates for toroidal states (with
large toroidal responses, distinctive toroidal distribution
of the convective nuclear current and significant B(M2)
values). In the second step, these states are checked to re-
produce the pattern of the experimental data for E1 and
M2 transversal form factors in (e, e′) scattering to back
angles. Following our analysis, these form factors ex-
hibit a strong interference of the convective (orbital) and
magnetization (spin) contributions of the nuclear current
and this interference determines, in a large extent, the
features (form factor maxima, positions of the first two
diffraction minima, etc) of the form factors. As a result,
E1 and M2 transversal form factors can serve as sensitive
probes for the interplay between orbital and spin contri-
butions. If only the combined spin+orbital contributions
(but not spin alone) allow to reproduce the experimen-
tal behavior of these form factors, then one may claim
that i) the structure of the chosen calculated state cor-
rectly matches the orbital and spin fractions and ii) the
toroidal distribution of the nuclear current in this state is
indeed realistic. A similar prescription was earlier used in
the experimental search of the vortical twist M2 mode in
(e, e′) reaction [38]. Note that involvement of B(M2) val-
ues and M2 form factors for discrimination of E1 toroidal
states is relevant only for deformed nuclei and this part
of the analysis should be skipped in spherical nuclei.
In the proposed identification scheme, the interference
between the orbit and spin contributions to the experi-
mentally accessible (e, e′) form factors is the key element.
The toroidal strengths and current distributions as such
can hardly be measured directly, but can be used as pre-
selectors to choose from QRPA calculations the proper
9candidate states for the further analysis of (e, e′) scatter-
ing.
In the present study for 24Mg, two individual toroidal
K=1 states at 7.92 and 9.97 MeV were found and thor-
oughly explored. It was shown that the magnetization
current jm has a strong impact for these states. Just
this considerable magnetic contribution together with the
dominant orbital contribution leads to the significant in-
terference effects in E1 and M2 form factors and so paves
the way for discrimination of the toroidal states. Fur-
thermore, we have found that jm can produce itself the
magnetization toroidal states.
The above scheme can be also used for heavier nuclei
where we deal not with individual toroidal states but
rather with broadly spread toroidal strength functions.
In this case, we should work with the averaged charac-
teristics using the technique described in Ref. [17] for
208Pb.
In principle, similar schemes can be applied to other re-
actions ((e, e′γ), α, α′), (p, p′), etc) relevant for the search
of toroidal dipole states (see Ref. [55] for the recent re-
view of various reactions for dipole excitations). By our
opinion, there is no problem to excite TS in nuclei. Fol-
lowing our present analysis for 24Mg and previous analy-
sis for a variety of medium and heavy nuclei [16, 20, 48],
even basically vortical dipole states usually have a minor
irrotational fraction [48] and this fraction can be used as
a doorway for excitation of the toroidal mode in various
reactions. The main trouble is not to excite vortical TS
but to identify them. This is a part of a general fun-
damental problem of identification of vorticity in nuclei.
The problem is indeed demanding since its solution re-
quires a theory-assisted analysis combining information
on nuclear structure and reaction mechanisms. Hope-
fully, the search of the vortical toroidal mode in (e, e′)
reaction will be an important and encouraging step in
this direction.
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